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Two-dirrrensional heat flow frequently leads to problems not amenable to the 
methods of classical mathematical physics; thus, procedures for obtaining approxi- 
mate solutions are desirable. A recently introduced finite-difference method, known 
to be applicable to problems in a rectangular region and involving much less 
calculation than previous methods, is extended by example to cases of more practical 
interest. Although all three examples given are steady state, unsteady state problems 
may also be attacked successfully by the method. The first example is that of flow 
around a corner and indicates that a more complicated region than a rectangle can 
be treated. Then a problem involving a radiation-boundary condition is given; as 
this condition is nonlinear, the method is extended to more general equations. The 
last example involves point heat sources and sinks in an elliptical region and so 
extends the method to treat curved boundaries (as distinguished from polygonal 
domains) and singular points. I t  is believed that materially less calculation is 
necessary by this method than for previous procedures. 

Many cases of heat conduction 
in three dimension may be reduced 
by symmetry t o  problems involving 
only two-space variables. Further 
reduction to  a one-space variable 
is frequently not possible. Unless 
the geometry and boundary condi- 
tions are very simple, analytical 
solutions of the differential equa- 
tion of heat conduction in two 
dimensions are either very cumber- 
some or impossible to obtain. Ap- 
proximate solutions may be ob- 
tained by numerical, graphical, or 
experimental methods. The rapid 
development of high-speed elec- 
tronic computers in the past few 
years has stimulated interest in 
numerical methods for  the solution 
of a wide class of problems. In 
this paper a recently introduced 
numerical procedure which is 
known to be applicable to problems 
in a rectangular region is extended 
by example to cases of more practi- 
cal interest. Although this pro- 
cedure was developed for the pur- 
pose of solving problems involving 
fluid flow through porous media in 
two-dimensional reservoirs, i t  can 
also be used for two-dimensional 
problems in many other fields such 
as heat conduction and diffusion. 

PREVIOUS NUMERICAL 
METHODS 
Heat-conduction problems can be 

divided into two categories: un- 
steady state and steady state. The 
differential equation describing un- 
steady state heat flow is(8) 

-_ ( __ a2T f-- a ' T )  =-- aT (1) 
a@ 

c p  ax2 aY2 
while that governing steady state 
heat flow is 

All numerical methods for the so- 
lution of these equations involve 
replacement of the continuous de- 
rivatives by ratios of finite dif- 
ferences and solution of the result- 
ing difference equations. To formu- 
late the difference equations, the 
two-dimensional region in which 
the integration is to be carried 
out has placed over i t  an integra- 
tion net with mesh widths Ax and 
Ay, as shown in Figure 1. Usually 

$-i- 
Fig. 1. Integration net. 

Ax and Ay are set equal to each 
other. The second derivatives are 
then replaced by second differences. 
For example, a t  the point x, y, 
a2Tlax2 is replaced by 

T ( z + A x ) - T ( x )  T ( x ) - T ( x - A T )  
Ax Ax 

AX 

___-___ ___- ---- 
___________- __- 

which is equal to  

[T ( X  - AT) - ~ T ( x )  + 1 --- 
( A x )  

T (z -I- Ax)]  

Thus, if Ax=Ay, the difference 
equation corresponding to the 
steady state Equation (2) is 

In the carrying out of a numeri- 
cal solution of the unsteady state 
Equation (l), the time coordinate 
is also divided into finite incre- 
ments, AB, not necessarily equal. It 
is assumed that a solution has been 
obtained for time 8, and a differ- 
ence equation is used to obtain the 
solution at time 0 +he. 

Jakob ( 4 )  and Milne(5) describe 
several methods for the numerical 
solution of Equations (1) and (2).  
The three chief ones are relaxa- 
tion, explicit, and implicit methods. 
Relaxation is rapid and convenient 
fo r  hand calculation with a small 
number 6f points, but when it is 
desired to evaluate the solution a t  
a large number of points by use 
of a computing machine, relaxa- 
tion is inconvenient because of its 
non-mechanical nature. 

The terms explicit and implicit 
have somewhat different meanings 
for the unsteady and steady state 
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cases. In the unsteady state case, 
an explicit difference equation may 
be solved explicitly for the un- 
known function at time 0 + A 8  in 
terms of the known values of the 
function at  time 8. For example, 
an explicit difference equation may 
be obtained by replacing the second 
derivatives of Equation (1) by 
second differences evaluated at time 
6. Thus, if A x  = Ay, 

tT (Z - AX, y, e) + T (x + k 

cp(Az)'  
AX, Y, 0) + T (2, Y - Ay, 0) + T (x, y f 

1 
AY, 0) -4 T (z, Y, 611 = 37 tT (5 ,  Y, 

0 + A@) - T (2 ,  Y, 011 (4) 
This equation may be solved ex- 
plicitly for T (x, y, 0 + AB) at each 
point of the integration net. Start-  
ing with known initial values of T 
at 8 = 0, the solution may be carried 
forward to any time, 8. 

Implicit methods for the un- 
steady state case, on the other hand, 
are characterized by having the 
unknown values of the desired func- 
tion a t  time 0 + A0 bound together 
by systems of simultaneous equa- 
tions. For example, an implicit dif- 
ference equation may be obtained 
by replacing the second derivatives 
of Equation (1) by second dif- 
ferences evaluated a t  time 0 + 8A. 
Thus, if A x  = Ay. 

[T(x  - Ax, y, 0 + Ae) T T k 

CP ( A X > ~  

-- 

(X+AX, y, e+ae)+T ( X , Y - A ~ ,  e+ 

1 
yi ' 3 S A e ) I  = 2 ~ -  [T (2, Y, e + A e )  - 

T (2, Y, e>1 (5)  

When this equation is written for  
each point in the integration net, 
N simultaneous equations are ob- 
tained, where N is the number of 
interior points in the net. These N 
equations must be solved at each 
time step. 

When the steady state case is 
considered, the difference Equation 
(3) is written for  each point in the 
integration net. A set of N simul- 
taneous equations is obtained, most 
of which have five unknowns in 
them. Simultaneous equations of 
this type are most successfully at- 
tacked by iterative methods, most 
of which can be shown to be ana- 
logous to  a solution by finite dif- 
ferences of a related unsteady state 
problem. An iteration methoc! is 

explicit if each iteration involves 
solving explicitly for  the unknown 
function at each point, while i t  is 
implicit if the unknown values of 
the function are tied together by 
simultaneous equations. 

For  the solution of the unsteady 
state problem on a computing rna- 
chine, the explicit Equation (4) is 
easy to  use because of its sim- 
plicity, but i t  suffers from a severe 
disadvantage. If the size of the 
time increment, A8, is taken too 
large, the computations become un- 
stable in  the sense that  small errors 
introduced at the beginning of the 
calculations are  amplified and 
eventually become so large as to 
swamp the calculations. To avoid 
this, i t  is necessary t o  satisfy the 
relationship 

This instability of explicit differ- 
ence equations for large time in- 
crements is discussed by O'Brien, 
Hyman and Kaplan(6) and Milne 
( 5 ) .  This restriction on A0 means 
that a large number of small time 
steps must be taken to carry the 
solution t o  a given time 0. If it is  
desired to increase the accuracy of 
the solution by using more points 
in the integration net, it is nwes- 
sary to decrease A0 in accordance 
with Equation (6 ) ,  so that  the. 
number of computations increases 
as the square of the number of 
points. 

The implicit difference Equation 
(5) ,  on the other hand, has the ad- 
vantage of being stable for  any 
size time increment(2,6). In  the 
carrying out of an unsteady state 
solution by an implicit procedure, 
A 8  is restricted not by stability but 
only by the allowable truncation 
error, and for a specified accuracy, 
fewer time steps are required than 
for the explicit procedure. The re- 
duction of the number of time 
steps more than compensates for  
the additional labor required to 
solve by iteration the N simul- 
taneous equations at each time step, 
so that, from the point of view of 
computational labor, the implicit 

procedure is considerably superior 
to  the explicit procedure for the 
solution of unsteady state prob- 
lems (7) .  

For the solution of the steady 
state problem on computing ma- 
chines, various explicit methods 
have been proposed for  iterating 
the simultaneous equations which 
occur when Equation (3) is writ- 
ten for each point in the integra- 
tion net. Probably the best explicit 
iterative method known is the ex- 
trapolated Liebmann method (also 
known as the successive overrelax- 
ation method). The computational 
labor required for this method 
is discussed by Frankel(3). No 
implicit methods for iterating 
simultaneous equations have previ- 
ously been proposed. 

ALTERNATING-DIRECTION 
IMPLICIT METHOD 

Application to Unsteady State Problem 
Peaceman and Rachford (7) pro- 

posed an alternating-direction im- 
plicit procedure for the solution of 
Equation (1) which is stable €or 
any size of time increment and yet 
avoids the necessity for  iteration 
a t  each time step. The difference 
equations are obtained by replac- 
ing only one of the second deriva- 
tives, say a2Tiax2, by a second 
difference evaluated in terms of 
the unknown values of T a t  time 
O + A 8 ,  while replacing the other 
second derivative, a2Tlay2, by a 
second difference evaluated in 
terms of known values of T at time 
0. Comparatively small sets of 
simultaneous equations, each con- 
taining no more than three un- 
knowns, are  formed which are said 
to be implicit in the x direction. 
These equations are of a form that  
can be solved easily without itera- 
tion. If the procedure is then re- 
peated for a second time step of 
equal size, with the difference equa- 
tions implicit in the y direction, 
the over-all procedure for the two 
time steps is stable fo r  any size 
of time increment. 

Thus two difference equations 
are used, one for the first time 
step, the other for the second time 
step: 

~ ~ ~~ ~ ~~ ~~~~ 

ERRATA 
Volume 1, Number 1, page 25: The 
values of k in Table 1 should be 
higher by a factor of 10. 
Volume 1, Number 1, page 76: In  the 
legend of Figure 1 p,. = pao/ R ( d k )  
should be p ,  = pb,/R ( d k )  . 
Volume 1, Number 2, page 146: Equa- 
tion (26) should read (d3PldV3). < 0 at critical. 
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If Ax = A q ,  and u = cp (Ax)2/kAB, 
these equations may be arranged 
in  the following form, which is 
more suitable for calculation: 

Use of Equation (9) or (10) for  
each point in the integration net 
leads to as many sets of simul- 
taneous equations as there are lines 
in the net, each set having as many 
equations and unknowns as there 
are  points on the line. When the 
boundary conditions are  taken into 
account, these equations may al- 
ways be arranged in the form 

The solution of these equations is 
obtained by a straightforward tech- 
nique proposed by L. H. Thomas of 
the Watson Scientific Computing 
Laboratory. Let 

and 

Di 
g1 =w1 

The solution is 

T,  = gn 

Ci Ti+l T ,  = gi - -__- 1 < i < n- 1 (14) 
W ,  

Thus tu and g are  computed in 
order of increasing i, and T is 
computed in order of decreasing i. 

For the integration of Equation 
(1) in a square by this method, 
approximately 9N operations must 
be performed for each time step 
(7 ) .  For the complete solution with 
N=196 the work required by the 
alternating-direction implicit meth- 
od was found to be 1/7 of the work 
required by the use of the implicit 
Equation ( 5 )  with extrapolated 
Liebmann iteration, and 1/25 of 
the work required by the use of 
the explicit Equation (4). The 
comparison is even more favorable 
for the alternating-direction im- 
plicit method for  larger values of 
N .  Douglas(1) has shown tha t  as 
the mesh width is decreased, the 
solution obtained converges to the 
solution of the differential equa- 
tion. 

Application to Steady State Problem 
The alternating-direction im- 

plicit method may be used to iter- 
a te  to the solution of the steady 
state Equation (2 ) ,  since the 
steady state solution may be re- 
garded as the limiting case of the 
solution of a corresponding un- 
steady state problem. In  this case 
each stage of the iteration may be 
regarded as a time step of the 
unsteady state problem, while the 
start ing values used for  the first 
iteration correspond to the initial 
condition. Equations (9) and (10) 
are  used for  alternate stages of 
the iteration with u serving as a n  
iteration parameter. F o r  the solu- 
tion of Equation (2) in a square, 
it was found(7‘) that  a sequence 
of CL’S can be chosen such that this 
method requires about lnNIN* as 
many calculations as the extra- 
polated Liebmann method. 
Examples 

The alternating-direction implicit 
procedure has been applied(7) in the 
solution of two simple problems in- 
volving square boundaries. The first 
problem considered was that of un- 
steady state heat flow in a square 
wherein the boundaries are main- 

tained at zero temperature and the 
square initially has a temperature of 
unity. The second problem was that 
of determining the steady state tem- 
perature distribution in a square in 
which two opposite faces are a t  zero 
temperature and the remaining two 
faces have a temperature of unity. 

It has been shown(f,7) that  the 
alternating-direction implicit pro- 
cedure is stable for the case of a 
square or rectangular boundary, but 
stability has not been demonstrated 
for a more general class of boun- 
daries. It is the purpose of this paper 
to show by example the application 
of the new procedure to  problems in- 
volving more complicated boundaries. 
Three examples will be cited, all of 
which were calculated by means of 
eight-digit, floating-decimal arithme- 
tic. The examples were so chosen as 
to keep the number of points in the 
integration nets small in order not 
to overrun the small internal storage 
capacity of the computer used. Al- 
though this limitation did prevent the 
examples from being more practical 
than they were, they are sufficient to 
show that a wide variety of boundary 
conditions can be treated satisfac- 
torily by the new procedure. 

All the examples discussed are 
steady state problems; however, the 
difference equations are set up as  if 
the problems are unsteady state in 
nature. Thus it is shown that as  f a r  
as setting up the equations is con- 
cerned, there is no difference between 
steady and unsteady state problems. 
The only difference is in the choice 
of the parameter, U, and the discus- 
sion of this choice will be deferred 
to the next section. 

Flow Around a Corner. The prob- 
lem of flow of heat around a corner 
was chosen in order to demonstrate 
that  a more complicated region 
than a rectangle can be treated. 
The equation describing this proc- 
ess also describes the flow of an 
ideal fluid around a corner; hence 
this application of the alternating- 
direction implicit procedure should 
be of interest in hydrodynamics. 

y 4  

Fig. 2. Flow around corner. 
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In  the shape in Figure 2 edge AF 
is maintained a t  zero temperature; 
edge CD is maintained a t  a tem- 
perature of unity; a t  all other 
edges no heat flows across the 
boundary. Equation (2) applies to 
the interior of this region, and the 
following boundary conditions ap- 
ply: 

Edge AF T = O  

aT 
ay 

Edges A B and EF - = 0 (15)  

aT 
ax 

Edges BC and DE -- = 0 

Edge CD T = l  

Figure 3 shows the integration net 
with each of the points labeled with 
a n  index number. 

T = l  T=1 T.1 T = l  T = l  
a e a e e  

71 72 73 74 75 
o a e o e  

61 
0 

6 2  G 2  6.1 65 

51 52 53 54 5." 56 57 T = O  
e e e e  e e e  

41 4.2 4.3 4: 42 4.6 4.7 T f O  

2: 2: 24 25 26 27 T=O 

I I  12 I3 14 15 16 17 T = O  
e e e e e e e a  

e e e e e  

Fig. 3. Integration net for  flow 
around corner. 

First one considers the time step 
in which the difference equations 
are implicit in the x direction. 
Equation (9) applies to each of the 
interior points. At the boundaries 
which are adiabatic, the tempera- 
ture gradient in the direction per- 
pendicular to the boundaries is 
zero, and the so-called "reflection" 
boundary condition can be used; 
that is, a set of fictitious points 
are imagined to exist, Ax, outside 
the boundary, and these points are 
assumed to have the same values 
as the points located a distance Ax 
inside the boundary. Figure 4 
shows how this applies to some of 
the points on edge BC. When Equa- 
tion (9) is written for a point on 
BC, only two unknowns appear, and 
so this becomes the first equation 
for that particular line. When 
Equation (9) is written for  one of 
the points just inside edge AF, 
again only two unknowns appear, 
and the last equation for that line 

C 

51 52 
0 
52 

Exterior Interior I 
42 42 

32 32 

Fictit ious i p o  
Points 

Fig. 4 Reflection boundary condition. 

is obtained. Below are written the 
equations for the first, second, 
sixth, and seventh lines to illustrate 
how all the equations are set up. T 
represents a known value of tem- 
perature a t  time 8; T* represents 
an unknown value of temperature 
a t  time O + AO; the subscripts are 
the index numbers of the points. 

Sixth Line 
( 2  + a) T*6i - 2 T*62 = T51 + 

( a  - 2) T61+ T71 

- T*61 f (2 + a)  T*62-T*63 = 

T52-k (a -2 )  T62-kT72 - 2 T*64 + 
(2  a)  T*ss = T55 ( a -  

2)  T65 + 7'75 

Seventh Line 

( 2  a) T*71 - 2 T*72 = T61 4- 

( a  - 2) T71 + 1 

- T*zi + (2  + a)  T*72 - T*73 = 

T62 + ( a  - 2) T72f1 - 2 T*74 4- 

(2+a)  T*75=T65+(a-2) T n f l  

Thus, line-by-line, the values of 
T a t  O+AO are obtained. For the 
next time step, the difference equa- 
tions are implicit in the y direc- 
tion and the same value of u is 
used. Equation (10) is now used 
for  each of the interior points, and 
the equations are set up in exactly 
the same way as on the previous 
step. T now represents a known 
value of temperature a t  time O +  
he; T* represents an unknown 
value a t  time e + 20A. Just  the first 
line will be written. 

First Line 

(2  + a)  T*ii - 2 T*21 = 2 Tiz + 
( a -  2) Ti1 

- T * ~ I  + ( 2  + a )  T * ~ I  - T*31 = 

2 T22 + ( a  - 2)  T21 

- T*21 + (2 + a )  T*31 - T*41 = 

2 T32 + ( a  - 2) T31 

- T * ~ I  + (2  + a)  T*71 - 1 = 

2 T7z + ( a  - 2 )  7 ' 7 1  

The values of T a t  O + 2A0 are 
obtained, again line by line. Then 
then entire procedure is repeated, 
first the equation implicit in the 
x direction being used, then the 
equations implicit in the y direc- 
tion. A different value of a may be 
used for  each of the double steps, 
but i t  must be the same for both 
halves of the double step. 

By use of these equations, the 
steady state solution was obtained 
by iteration ; the starting values, 
by use of the arbitrary equation 
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Fig. 5. Temperature distribution f o r  heat flow around corner. Fig. 6. Integration net for radiation from square pipe. 

second example is that  of determin- 
ing the temperature distribution in 

perpendicular to the edge T = 0.5 (l-x)/(l-Y) 
a square pipe, the inside surface at 4 4  

(18) 

for  all points to the right of the 
line x = y, and the equation of which is maintained at a con- 

stant temperature, t,, while the 
outside surface is radiating heat 

Edge CD: - k - = u ( t  -tz) 
3i 

Edge A D :  -- at - 0  - 
T = 1 - 0.5 ( l - y ) / ( l - ~ )  to surroundinm maintained at ax 

for  all points above the line x = y. 
The values of a used were 4, 2, 1, 
0.5, 4, 2, 1, 0.5 . . . with the cycle 
of four values of a being repeated. 

To check the progress of the  
iteration after each double step, 
the residual, 6, was calculated for  
each interior point by the equation 

~ = T ( x - A z , ~ J ) + T ( I ~ + A ~ , ~ ) +  

T (4 Y- AY/)+T (x, Yf Ay) - 

4 T (2, Y) (16) 

and the sum of the squares of the 
residuals, 2 3 2 ,  evaluated. A plot of 
log Zj2 vs. number of double steps 
fell approximately on a straight 
line for  the first nine double steps, 
with X P  decreasing from 0.187 to 
1.04 X 10-9. Twelve double steps re- 
duced S2 to 2 X l O - I O ,  correspond- 
ing to about five digits’ accuracy. 
Upon further iterations, the solu- 
tion continued to converge, but  a t  
a much slower rate, with X S 2  re- 
duced to 10-12 after twenty-eight 
double steps, corresponding to 
about six digits’ accuracy. The solu- 
tion is shown in Figure 5. The 
isotherms in this figure were ob- 
tained by graphical interpolation 
between the points, 

Radiation from Square Pipe. The 

temperature &.-This problem is of 
interest because i t  contains a non- 
linear boundary condition involv- 
ing radiation and also because it 
introduces a diagonal boundary. 
The ability of the new numerical 
procedure to  handle nonlinear 
boundary conditions is important 
for furnace-design problems, as 
well as for  problems with heat 
transfer to fluids in which the heat 
transfer coefficient is not constant. 

Because of symmetry, only one 
eighth of the cross section of the 
pipe need be considered. By this 
use of symmetry, i t  is possible to 
calculate the temperature distribu- 
tion in the whole pipe with many 
fewer points. The integration net 
used is shown in Figure 6. The 
bore of the pipe is assumed to be 
a square 2L across, the outside a 
square 4L across. 

The equation 

(17) 
-_ a2t +--=o a2t 

ax2 ay2 
holds in the interior of the region, 
and the boundary conditions are  

Edge AB:  t = t l  

Edge BC: &/an = 0 

where n is distance in a direction 

Because of the symmetry, edges 
BC and AD have reflection boun- 
dary conditions. The fictitious 
points associated with these edges 
are  also shown in Figure 6. 

In order to make the functions 
dimensionless, the following sub- 
stitutions may be made: 

x = x/L (19) 

Equation (17) becomes 

aZT a2T 

ax2 aY2 
_c +--- = 0 (22) 

and the upper and lower boundary 
conditions become 

1 f 3  Edge AB : T = TI = (a/kL) t~ 

(23) 

EdgeCD: --- aT = T4-T24 
a Y  

(24) 

I n  the setting up of the difference 
equations, no new difficulties are 
introduced a t  the boundaries AB 
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and AD. When the difference equa- 
tions are  set up for the points on 
the diagonal boundary, the tem- 
perature at the fictitious points are 
introduced as unknowns. If the cal- 
culations are  carried out so tha t  
the long lines are solved before the 
short ones, i t  always turns out that  
the temperature a t  each fictitious 
point has been obtained during the 
solution of the previous line. Thus 
only two unknowns appear in the 
equation for the diagonal boundary 
point, and this equation becomes 
the last one for  the corresponding 
line. 

The difference Equations (9) and 
(10) are not written for t h e  points 
on the boundary CD. Instead, a 
difference equation corresponding 
to  Equation (24) is written. In  
order that  this difference equation 
be linear in T ,  the T4 term is split 
into two factors, T3 T*, where T 
is the known value of temperature 
obtained from the last time step 
and T* is the unknown value. The 
boundary difference equation is 
then 

or 

- T*2i + (1 + T!iAY) T*li=TiAY 

(25) 
Consider first the difference equa- 

tions implicit in the x direction. 
Line 21-28 is solved first, by use 
of the following equations. 

Second Line 

- T*26$ (2+ CY) T*27 - T*zs Ti7 + 
( a  - 2) Tz7 + T37 

- T * z ~  + (2 + a )  T*zs - T*m = 

TIS + ( a  - 2) TZS + TZ7 
- T * ~ ~ + ( ~ + T : ~  A Y )  T*]~=T$  AY 

I n  addition to TX2* through T*28, 
TIls is obtained. By use of Equa- 
tion (25) T",, through TX17 may 
be solved for directly. The remain- 
ing lines offer no difficulty. 

I n  the setting up of the difference 
equations implicit in the y direc- 
tion, Equation (25) is used as the 
first equation for each line. Other- 
wise the equations for  the second 
half of the double time step are 
quite straightforward. 

Page 510 

In  order to carry out a numeri- 
cal solution of these equations, 
values were assigned to  the con- 
stants T ,  and T,. It was assumed 
that  L = 4 in., k = 30 B.t.u./ (hr.) 
(ft.) (OF.), tl = 1033°F. =1493"R., 
and t2 = 100°F. = 560"R. a is equal 
to 0.173 X B.t.u./(sq.ft.) (hr.) 
(OR.) 4. Then T I  = 0.4 and T, = 0.15. 
AY is equal to 0.25. 

The start ing values for  the itera- 
tion were obtained by solving for 
the temperature distribution tha t  
would exist in  an infinite plate of 
thickness L with the same upper 
and lower boundary conditions. 
This gave a t  the upper edge T =  
0.37971694. Intermediate start ing 
temperatures were obtained by use 
of the relation 

T z 0 . 4  - (0.4-0.37971694) (Y- 1) 

Residuals fo r  the interior points 
were calculated by Equation (16), 
and the sum of squares of t h e  
residuals were evaluated after each 
double step. The values of a used 
were 4, 2, 1, 0.5, 0.2, 4, 2, 1, 0.5, 
0.2, 10, 4, 10, 20, 10, 4, 2, 1, 0.5, 
0.2, 0.1, 20, 10. A plot of log 
ZE2 vs. number of steps was ap- 
proximately straight f o r  the first 
twelve double steps, with X82 de- 
creasing from 3.06 X to  7.66 
X the portion of the plot 
from twelve to  twenty-three dou- 
ble steps was also approximately 
straight, with XE2 decreasing to  
1.51 X l O - I 3 .  The solution, with 
temperatures in degrees Fahren- 
heit, is presented in Figure 7. 

Heat Sources and Sinks in an 
Elliptical Plate. Although the ex- 
amples discussed above have 
straight boundaries, the boundaries 
of many problems that occur in 
engineering are curved. In  addition, 
some problems involve point 
sources and sinks, wherein heat or 
fluid is added o r  removed a t  a point. 
These two features are introduced 
in the third example, which is tha t  

of determining the temperature 
distribution in an elliptical plate 
which has two heat sources and 
two heat sinks. (See Figure 8.) 

Fig. 8. Heat  sources and sinks in an 
elliptical plate. 

The elliptical boundary is adiabatic, 
and heat is injected at equal con- 
stant rates at points A and B and 
removed at equal constant rates 
from points C and D. 

This example has been formu- 
lated as a heat-conduction problem, 
but it may also be formulated as 
an equivalent electrical problem, 
where current flows into the plate 
at points A and B and Aows out at 
points C and D, and it is desired 
to compute the potential distribu- 
tion. Another important analogy 
occurs in reservoir engineering, 
wherein it is desired to obtain the 
pressure distribution in an  ellipti- 
cal reservoir in which fluid is in- 
jected at wells located a t  points 
A and B and produced from wells 
located a t  points C and D.  Because 
well diameters are  usually very 
small compared with the dimen- 
sions of a reservoir, they must be 
considered as points. This example 
shows the application of the new 
method to  reservoir engineering, 
since reservoirs almost always have 
curved boundaries and have many 
wells located at various points 
within. 

The problem as stated above has 
only derivatives specified a t  the 
boundaries, and so the solution is 
unique except for  an arbitrary con- 

903 888 948 947 944 938 929 917 

t = 1020D F 

1033 1033 1033 I 

Fig. 7. Temperature distribution in a square pipe with 
radiation from outer surface. 
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stant. From symmetry it can be 
seen that the  temperature will be 
constant along the minor axis; a 
zero value will be arbitrarily as- 
signed to this constant tempera- 
ture. The solution will be sym- 
metric with respect to y and anti- 
symmetric with respect to x, and 
so i t  will be sufficient to consider 
only the upper right-hand quadrant. 
Figure 9 shows the integration net 
used. Since the major axis is now 
a reflection boundary, fictitious 
points have been added below the 
major axis. Fictitious points have 
also been added outside the curved 
boundary in such a way that  every 
interior point is surrounded by 
four mesh points. 

approximately one-quarter of the 
way from point 63 to  point 62. 
Then one writes 

T7s  = 0.25 T62 + 0.75 To3 (26) 

When Equation (9) or (10) is 
written about a point just  inside 
the boundary, a fictitious point will 
be involved on either the left- or 
right-hand side of the difference 
equation. If it is on the right side, 
it is necessary to use the old values 
of the two interior temperatures 
used to evaluate the fictitious point. 
For example, if T,, occurs on the  
right side, Equation ( 2 6 )  is used. 
On the other hand, if the fictitious 
temperature occurs on the left-hand 

*5l -52 *53 / 3 4  / *5% 
T=o t 
T=Ot f' f2 43 -44 f 5 /  ,46/ ,,48 

32 3 3  m3' 

-21 *22 *23 

14 15 16 

SOURCE 

*24 p 

?' 22 -23 *24 *25 *26 -27 *28 

Fig. 9. Integration net  for  elliptical plate problem. 

The problem now exists of evalu- 
ating the temperature at the fic- 
titious points outside a curved 
boundary a t  which the normal de- 
rivative is zero. The device pro- 
posed by Fox(2) ,  who was con- 
cerned with applying the relaxation 
method to the solution of problems 
with curved boundaries at which 
the normal derivative is specified, 
is applicable here. The device is to  
draw a line from each fictitious 
point perpendicular to the curved 
boundary and to extend i t  until it  
intersects a line which joins two 
mesh points completely within the 
boundary. This has been done in 
Figure 9. Since the normal deriva- 
tive of the temperature is speci- 
fied to be zero a t  the boundary, 
the temperatures at both ends of the 
perpendicular lines are taken to be 
equal. Linear interpolation along 
the line joining the two mesh 
points within the boundary is then 
used to evaluate this temperature. 
For  example, the perpendicular 
from point 73 intersects the line 

side of the difference equation, new 
or unknown values of the interior 
temperatures must be used. Thus, 
if TsT8 occurs on the left side, one 
must write 

T*73=0.25 T*62+0.75 T*63 (27) 

It frequently occurs that an  un- 
known value of T* from a different 
line will be introduced by such a 
difference equation. It will always 
be from a longer line, however, 
and so if the lines are  solved in 
order of decreasing length, this T* 
will have just  been solved for  on 
the previous line. 

It remains now to  take into ac- 
count the point source occurring 
a t  point 35. While the final solu- 
tion satisfies Equation (3)  every- 

here else in  the interior of the 
region, it does not satisfy it a t  a 
point source or sink because this 
equation expresses the condition 
that  the net heat flow into the  
region around a point is zero. To 
obtain the correct expression, one 
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Fig. 10. Heat source at a point. 

must consider Figure 10. If heat 
is injected a t  point 0 at the rate q, 
the heat flow across the line ab is 
approximately 

ql=kAy ( T o - T I ) / A x  (28) 
Similarly for  each of the other 
sides of the square abcd. Since 
Ax = Ay, .the total flow into the 
square is 

q=k(4To-T1 -Tz-T3-T4) (29) 
Let Q = q l k .  Then, if the heat 
source is located at the point x , ~ ,  
i t  will be required that the steady 
state solution satisfy the relation 

-T(x-Ax,zJ) - T ( z + A z , y ) -  

T (X, Y - A d  - T (2, Y + AY) + 
4 T b ,  Y) = Q (30) 

while satisfying Equation (3) else- 
where. The iteration Equations (9) 
and (10) must then be modified at 
the heat source point in order to 
converge to this solution. They be- 
come, respectively, 

Imp l i c i t  in x direct ion,  

- T* ( X -  AX, Y) 4- (24-c~) T*(x, y) - 

T* (X-I-AZ, Y) = Q -I- T ( x ,  Y- A Y ) ~  

(a-2)  T (z, Y) + T (2, Y+ Ad (31) 

I m p l i c i t  in y direct ion,  

- - * ( ~ , y - A y )  + ( ~ + ~ ) T * ( x , Y ) -  

T" (z, Y 4- Ay) = &+T (z- Ax, Y) + 
( a - 2 )  T(&Y)+T(z+Az,Y)  (32) 

Equations (31) and (32) may also 
be used as difference equations for  
unsteady state solutions. 

To s tar t  the iteration, a tem- 
perature of zero was assigned to 
every point. As before, after each 
double step residuals were calcu- 
lated a t  every interior point by 
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Fig. 11. Temperature distribution in an elliptical plate with a point heat source. 

use of Equation (16), with the 
exception of the source point, where 
Equation (33) was used. 

835 = 7’34 + 7’36 + 7’25 + T45 - 
45”35+& (33) 

The values of cc used were 4, 2, 1, 
0.7, 0.4, 0.2, 0.1, 0.07, 0.04, 7, 4, 2, 
1, 0.4, 0.1, 0.07, 0.04, 0.03, 10, 4, 1, 
0.4, 0.1, 0.07, 7, 2, 0.7. A plot of 
log Zt2 vs. number of steps was 
approximately straight, with 2 8 2  
decreasing from 1.0 to 5.23 X l O - l 3  
in twenty-seven double steps. The 
solution is presented in Figure 11. 

CHOIECE OF ITERATION 
PARAMETER 
For iteration to the steady-state 

solution of the heat-flow equation 
with a square boundary, a pro- 
cedure has been suggested(7) f o r  
selection of a se t  of values of a. 
Such a procedure has not been 
obtained, however, for  other types 
of boundaries. The sets of values 
of a used to  iterate these three 
examples by no means represent 
an optimum choice, and it appears 
that  more experience with the 
alternating-direction implicit meth- 
od will be required before an opti- 
mum procedure for choosing u can 
be found. 

Some general statements can be 
made, however. I n  the first place, 
i t  is desirable to  calculate the 
sum of squares of the residuals, 
in order to keep track of the 
progress of the iteration. Sec- 
ond, i t  is advantageous to use 
several different values for a 
rather than continuing to use the 
same value repeatedly. A satis- 
factory procedure appears to  be the 
following: to  start, an a between 
4 and 10 is chosen; on each dou- 
ble step a is r ~ ’  ided by 2 or 4, 
until the r- ,i decrease of 2% 
becomes small. The cycle is then 

repeated as many times as neces- 
sary to reduce the residuals to as 
low a level as desired. One or  two 
such cycles should be sufficient f o r  
engineering accuracy in the solu- 
tion. 

CONCLUSION 
The chief advantage of the alter- 

nating-direction implicit method 
developed by Peaceman and Rach- 
ford(7) is that  both unsteady and 
steady state problems in the flow 
of heat in two dimensions can be 
solved on a computing machine t o  
a given degree of accuracy with 
less computing labor than that re- 
quired by previously available 
numerical techniques. This reduc- 
tion in Iabor is brought about by 
the fact that  the new method is 
stable for  any size of time incre- 
ment and yet does not require 
iteration for solution of the simul- 
taneous equations obtained. 

Because it has not been possible 
to prove rigorously that the alter- 
nating-direction implicit method 
will work for nonrectangular boun- 
dary condition, i t  is necessary t o  
rely upon actual numerical examples 
to determine the usefulness of the 
method for  various engineering 
problems having realistic boundary 
conditions. The main purpose of 
this paper has been to present a 
few examples with a wide variety 
of boundary conditions in order to 
show the usefulness of the method 
for these problems. While it is not 
possible to say in advance that t h e  
new technique is applicable to any 
problem different from the ones 
described here, the success of the 
method with these problems, as 
well as the fact  that  no problems 
have yet been found where i t  is 
unsuccessful, are strong indica- 
tions that the method may be ap- 
plied to other heat flow or diffusion 
problems in two dimensions. 

NOTATION 
A,B,G,D, = coefficients of simul- 

taneous equations 
c = heat capacity, B.t.u./ (lb.) 

(OF.) 
g = intermediate quantity in solu- 

tion of simultaneous equa- 
tions 

k =thermal conductivity, B.t.u./ 
(hr.) (ft.) (OF.) 

L = basic length, f t .  
N = number of interior points of 

integration net 
n = distance in direction perpen- 

dicular to boundary 
Q = dimensionless rate of heat in- 

put, qlk  
q = rate of heat input, 3.t.u.f 

(hr.) (ft.) 
T = dimensionless temperature 
t = temperature, O R .  

w = intermediate quantity in solu- 
tion of simultaneous equa- 
tions 

X = dimensionless distance, xiL 
x = distance in horizontal direc- 

Y = dimensionless distance, y l L  
y = distance in vertical direction, 

f t .  
a = iteration parameter in  steady 

state problems; cp ( A ~ ) ~ / k h 0  
in unsteady state problems 

Ax,Ay,h0 = increment of x . ~ ,  and 0, 
respectively 

tion, f t .  

6 = residual 
0 =time, hr. 
p = density, lb./cu.ft. 
cs = Stefan-Boltzmann constant 

* = unknown values of T 

i = index number for siniultane- 
ous equations 

1 = inside of pipe 
2 = surroundings 
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